A general description of cylindrical electromagnetic waves propagating in nonlinear and inhomogeneous media is given by deducing cylindrical coupled-wave equations. Base on the cylindrical coupled-wave equations, we analyze second-harmonic generation (SHG) of some special cases of inhomogeneity, and find that the inhomogeneity of the first and second order polarization can influence on the amplitude of the SHG. From a different point of view, exact solutions of cylindrical electromagnetic waves propagating in a nonlinear medium with a special case of inhomogeneity have been obtained previously. We show that cylindrical SHG in an inhomogeneous and nonlinear medium also can be deduced from exact solutions. As a verification, we compare the results obtained from the two different methods and find that descriptions of SHG by the coupled-wave equations are in good agreement with the exact solutions.
Second-harmonic generation of cylindrical electromagnetic waves propagating in an inhomogeneous and nonlinear medium
generation (SHG) of some special cases of inhomogeneity, and find that both the inhomogeneity of the first and second order polarization can influence on the amplitude of the SHG (E 2ω ), and the inhomogeneity of the first order polarization can change the peak values and positions of the peaks of E 2ω .
From a different point of view, we show that cylindrical SHG in an inhomogeneous and nonlinear medium also can be deduced from the exact solutions. We give a full description of using the exact solutions to deal with the problem of cylindrical SHG in an inhomogeneous and nonlinear medium, and as a verification, we compare the results obtained from the two different methods and find that descriptions of SHG by the coupled-wave equations are in good agreement with the exact solutions. The paper is organized as follows. In Sec. II we derive the coupled-wave equations, and we analyze SHG of some special cases of inhomogeneity. In Sec. III we use the exact solutions to investigate cylindrical SHG and show that second-harmonic generation comes out quite naturally from the exact solutions. We also compare the results obtained from the two different methods. In Sec. IV our conclusions are summarized at the end of this article.
II. COUPLED-WAVE EQUATIONS OF CYLINDRICAL ELECTROMAGNETIC WAVES PROPAGATING IN AN INHOMOGENEOUS AND NONLINEAR MEDIUM
In this section, we will deduce the coupled-wave equations of cylindrical electromagnetic waves propagating in an inhomogeneous and nonlinear medium. We start by introducing our physical model. We assume that the medium possesses an axis of symmetry, and taken as the z axis of a cylindrical coordinate system (r, φ, z). A linear light source is placed in the axis of the nonlinear medium, and cylindrical electromagnetic waves are emitted. By considering that the fields are independent of φ and z, the Maxwell equations can be written as follows:
where H ≡ H φ (r, t), E ≡ E z (r, t) and D(r, t) ≡ ǫ 0 E + P with P being the intensity of polarization of the medium. Such model has been used in some foregoing works [15] [16] [17] [18] [19] . Hereafter, we will focus on electric fields to set up a classical theory which describes cylindrical electromagnetic waves propagating in an inhomogeneous and nonlinear medium. With regard to different medium, the connection between P and E shows in different forms. For the case P ∝ E, viz. the medium is linear. We can solve Eq. (1) by the method of variable separation and the solution is E = ζ J 0 (kr) exp(−iωt), where J m is a Bessel function of the first kind of order m, ζ is a constant, k = ω √ ǫ 0 ε 1 µ 0 with ω is the frequency of the electromagnetic wave, ǫ 0 is the permittivity of free space, µ 0 is the permeability of free space, and ε 1 = 1 + χ (1) . The real media are usually nonlinear and inhomogeneous, and we consider that
, where g(r) means the inhomogeneity of the linear polarization and f (n) (r) means the inhomogeneity of the nth-order nonlinear polarization. For convenience, we define a function f (1) 
]/ε 1 , and the polarization of the medium can be written as:
NL f (n) (r). Some special cases can be discussed. If f (1) (r) = f (n) (r) = 1, then the medium is homogeneous but nonlinear. If f (1) (r) = 1 and f (n) (r) = 0, then the medium is homogeneous and linear. Here, we give a general description of the system and consider f (1) (r) and f (n) (r) can be arbitrary functions. On the basis of Eq. (1) we have:
where 1/v(r) 2 = ǫ 0 ε 1 µ 0 f (1) (r), and hereafter, k i = ω i √ ǫ 0 ε 1 µ 0 . Following the example of the plane nonlinear optics, we present the electric field as
where
with A i is the amplitude of the cylindrical electromagnetic wave carry a frequency ω i and P q present the amplitude of the polarized cylindrical electromagnetic wave carry a frequency ω q . It should be noted that the summation runs over all frequencies, including ω > 0 and ω < 0. Using these presentations, we can simplify Eq. (2) and obtain the coupled-wave equations of cylindrical electromagnetic waves propagating in an inhomogeneous and nonlinear medium:
These equations describe cylindrical electromagnetic waves with frequency ω i propagating in an inhomogeneous and nonlinear medium, which are coupled by P NL and the inhomogeneous factor f (r). In what follows, we will use these equations to study SHG.
We set ω 1 = ω, ω 2 = 2ω and hereafter n=1, 2. Using Eq. (4) we can obtain:
Here we only consider the second-order nonlinear polarization of the medium and P NL is used as the secondary nonlinear polarization P
NL :
Using effective nonlinear optical coefficient, we can rewrite Eqs. (5) as:
where d eff is the effective nonlinear optical coefficient of the nonlinear medium, E ω = A ω J 0 (kr) and E 2ω = A 2ω J 0 (2kr). It is difficult to give analytical results of features of cylindrical electromagnetic waves propagating in an inhomogeneous and nonlinear medium by using Eqs. (7) . However, equations (7) can be solved numerically by considering A ω and A 2ω are only functions of r, then Eqs. (7) become
The initial condition of equations (8) is
It means that at r = 0, there is only cylindrical electromagnetic wave with fundamental frequency ω whose amplitude is A ω (0), and equations (8) describe the amplitude of cylindrical SHG at arbitrary r. In this case, equations (8) is a set of ordinary differential equations, which can be solved by RungeKutta method, and one can discuss the features of cylindrical SHG in a nonlinear medium with arbitrary inhomogeneity.
Here, for example, we consider some special cases.
(i) We consider the inhomogeneity of the medium can be described by a sine function f (n) (r) = sin(ω 0 r), where ω 0 is a constant and the nth-order nonlinear polarization of the medium is fluctuant periodically with r. The spatial period is 2π/ω 0 . Such medium with the periodic inhomogeneity is something like photonic crystal, or nonlinear photonic crystal.
(ii) We consider that the inhomogeneity of the medium can be described by f (n) (r) = exp(∆ n r). Unlike the periodic case, the nth-order nonlinear polarization of the medium is increased with r when ∆ n > 0 while decreasing with r when ∆ n < 0.
(iii) We consider the inhomogeneity of the medium can be described by a Gaussian function, viz.
, where R n is the nth-order characteristic length.
With regard to inhomogeneity, the types of sine, exponent and Gaussian function are simple but useful cases. Although strict inhomogeneity of materials as sin(ω 0 r), exp(∆ n r) or exp(−r 2 /R 2 n ) can not find in nature, some inhomogeneity of materials may be approximatively described by sin(ω 0 r),
On the other hand, a lot of researches have been made theoretically and experimentally by using various inhomogeneity, and all most inhomogeneity can be realized by using metamaterials [20] [21] [22] [23] [24] [25] and nonlinear metamaterials [26] [27] [28] [29] [30] [31] [32] . 
First, we consider the sine function cases. Figure 1 shows the amplitudes of the SHG (|E 2ω |) in the medium with different inhomogeneity. Figure 1 (a) shows the homogeneous case; Figure. 1(b) shows the case that the first order nonlinear polarization is inhomogeneous but the second order nonlinear polarization is homogeneous; Figure. 1(c) shows the case that the first order nonlinear polarization is homogeneous but the second order nonlinear polarization is inhomogeneous, and Fig. 1(d) shows the case that the first and second order nonlinear polarizations are both inhomogeneous. It need to mention that we use A ω (0) = 1 in our calculation, which means that we use the amplitude of the fundamental frequency ω at r = 0 as the unit to compare other oscillations. Figure 1 (also other figures) shows the amplitudes of the SHG in this unit. So we use |E 2ω /A ω (0)| to represent the values in Fig. 1 . It can be found that both f (1) (r) and f (2) (r) can influence on the amplitudes of the SHG. On the whole, the amplitudes of the SHG in Fig. 1(a) and Fig. 1(b) are larger than Fig. 1(c) and Fig. 1(d) . The reason is that SHG comes from the secondary nonlinear polarization of the nonlinear medium and the existence of an inhomogeneous factor f (2) (r) ≤ 1 will reduce the amplitude of the SHG. Comparison of Fig. 1(a) and Fig. 1(b) we find that the inhomogeneity of the first order nonlinear polarization can change the peak value of |E 2ω | while comparison of Fig. 1(c) and Fig. 1(d) show that the inhomogeneity of the first order nonlinear polarization can alter the positions of the peaks and troughs of |E 2ω |. 
Second, we turn to consider the case that the inhomogeneity of the medium is described by f (n) (r) = exp(∆ n r) (n=1, 2) and the nth-order nonlinear polarization of the medium is increased with r, viz. ∆ n > 0. Figure 2 shows calculation results of |E 2ω | in the medium. In Fig. 2(a) and Fig. 2(c) , the inhomogeneity of the secondary nonlinear polarization is the same while the first order nonlinear polarization is different. Comparison of Fig. 2(a) and Fig. 2(c) gives that the larger ∆ 1 leads a lower |E 2ω | on the whole. It means that a larger inhomogeneous factor f (1) (r) will reduce the amplitude of the SHG. The same result can also be obtained from the comparison of Fig.  2(b) and Fig. 2(d) . We also can fix the first order nonlinear polarization and consider different secondary nonlinear polar- 
izations. In Fig. 2(a) and Fig. 2(b) , the inhomogeneity of the first order nonlinear polarization is both ∆ 1 = 0.5µm
while the secondary nonlinear polarization is ∆ 2 = 0.5µm
and ∆ 2 = 1µm −1 respectively. We can find that the larger ∆ 2 leads a higher |E 2ω | on the whole and the change of ∆ 2 takes less modification of the positions of the peaks and troughs of |E 2ω |. Similar results can be obtained for the case of ∆ n < 0. Figure 3 shows calculation results of |E 2ω | in the medium with ∆ n < 0. In Fig. 3(a) and Fig. 3(c) , the inhomogeneity of the secondary nonlinear polarization is the same while the first order nonlinear polarization is different. Comparison of Fig.  3(a) and Fig. 3(c) , as well as the comparison of Fig. 2(b) and Fig. 2(d) , also gives the conclusion that the larger ∆ 1 leads a lower |E 2ω | on the whole. We also can fix the first order nonlinear polarization and consider different secondary nonlinear polarizations. In Fig. 3(a) and Fig. 3(b) , the inhomogeneity of the first order nonlinear polarization is both ∆ 1 = −0.5µm −1 while the secondary nonlinear polarization is ∆ 2 = −0.5µm −1 and ∆ 2 = −1µm −1 respectively. We can find the similar results that the larger ∆ 2 leads a higher |E 2ω | on the whole and the change of ∆ 2 takes less modification of the positions of the peaks and troughs of |E 2ω |.
Third, we consider the inhomogeneity of the medium is Gaussian type f (n) (r) = exp(−r 2 /R 2 n ). Figure 4 shows calculation results of |E 2ω | in the medium with different characteristic length R n . We can find that if R 1 is fixed, then a larger R 2 leads larger |E 2ω | outside the characteristic length R 1 . We take the first line of Fig. 4 as an example. In this case, R 1 is fixed as 1.8 µm while R 2 is chosen as 1.8 µm, 2.5 µm and 10000 µm respectively. For larger R 2 , |E 2ω | is enhanced greatly only within r ranges from 2 to 4 µm, while little difference within r ranges from 0 to 2 µm. So using the characteristic length features, one can enhance or reduce |E 2ω | at some specific region of r. If fixing R 2 and changing the value of R 1 , one can find that the positions of the peaks of |E 2ω | will also change. As an example, R 2 is fixed as 1.8 µm while R 1 is chosen as 1.8 µm, 2.5 µm and 10000 µm respectively. When R 1 = 1.8 µm, there are five peaks of |E 2ω | within r ranges from 0 to 4 µm; When R 1 = 2.5 µm, there are seven peaks of |E 2ω | within r ranges from 0 to 4 µm; When R 1 = 10000 µm, there are ten peaks of |E 2ω | within r ranges from 0 to 4 µm.
III. CYLINDRICAL SHG IN AN INHOMOGENEOUS AND NONLINEAR MEDIUM DESCRIBED BY EXACT SOLUTIONS
In this section, we will deal with the problem of cylindrical SHG in an inhomogeneous and nonlinear medium from a different point of view. Reference [15] has presented a new method for deriving exact solutions and obtained an exact solution to describe the propagation of cylindrical electromagnetic waves in a nonlinear nondispersive medium. In a recent work [17] we show that the solution can be used to discuss the cylindrical SHG in a nonlinear nondispersive medium very well. Moreover, reference [16] shows that this important technique can be extended to deal with problems of cylindrical electromagnetic waves propagating in a medium with nonlinear and inhomogeneous. Here, we will give a full description of using exact solutions to deal with the problem of cylindrical SHG in an inhomogeneous and nonlinear medium, and as a verification, we will compare the results obtained from these two methods.
We begin our discussion by rewrite Eq. (1) in the form
where ε(E, r) = dD/dE. In reference [16] , the function ε(E, r) is chosen in the form:
where ε 1 , α, β are certain constants. It has been shown that such system can be integrated exactly and admits exact solutions in this case. Here we also use the same inhomogeneous factor. In what follows, we will show that the exact solution is a new way to deal with SHG. On account of dimension, the system can be written as
where r 0 is an arbitrary constant with the dimension of length. If setting r 0 = 1, then Eq. (12) go into Eq. (11). We define ρ = r/a, τ = t(ǫ 0 ε 1 µ 0 ) −1/2 /a, with a being an constant with the dimension of length, Considering that if a solution of the homogenous and linear problem has been obtained and recorded as E 0 and H 0 in the form
where E and H satisfying the linear system:
then the exact solution can be obtained as [15, 16] E = E 2(a/r 0 ) 1+β/2 ρ 1+β/2 e αE/2 , (β + 2)(a/r 0 )τ + g 0 H ,
The choice of a and r 0 are limited to the case that if α → 0 and β → 0, then the solution will go into the homogenous and linear case. This implies that:
Reference [16] used a/r 0 = 2 −2/(β+2) while in the present work we use a/r 0 = 1/(β + 2). Both of the choices can lead exact solution of Eqs. (10), however, describe propagation of cylindrical electromagnetic waves with different frequencies. If choosing a/r 0 = 1/(β + 2), it can verify that the exact solution obtained describes cylindrical electromagnetic waves whose frequency is the same as propagation in an homogeneous and linear medium. Then we can obtain:
These expressions give an exact solution of Maxwell equations in such an inhomogeneous nonlinear medium, and in what follows, we will give a traveling wave solution which describes cylindrical wave propagation in an infinite nonlinear and inhomogeneous medium from these expressions. We begin our discussion by considering cylindrical wave propagation in an infinite medium and the solution of linear problem is: E(r, t) = ζ J 0 (kr) cos(ωt) and H(r, t) = −ζ J 1 (kr) sin(ωt). Rewriting it in variable (ρ, τ), and using exact solution (17) we can obtain the solution of nonlinear problem:
where Ω = 2(β + 2)
, and we set r 0 = 1µm. The solution shows that the electric field and magnetic field of the cylindrical electromagnetic wave in a nonlinear medium are not separate, but coupling with each other. It is obviously that if β → 0 exact solutions (18) and (19) will go into the homogeneous case, which have been discussed in Ref. [17] .
Here, we will justify the calculations with the solution obtained in Ref. [16] and show that the same results can be obtained by using the solution in Ref. [16] . The exact solution obtained in Ref. [16] is
We also consider the cylindrical wave propagating in an infinite medium and the solution of linear problem is: E(r, t) = ζ J 0 (kr) cos(ωt) and H(r, t) = −ζ J 1 (kr) sin(ωt). Rewriting it in variable (ρ, τ), and using exact solution (20) we can obtain the solution of nonlinear problem:
It should be note that the relation between variable (ρ, τ) and (r, t) are used as ρ = r · 2 2/(β+2) and τ = t(ǫ 0 ε 1 µ 0 ) −1/2 · 2 2/(β+2) . Equations (21) and (22) are very different from Eqs. (18) and (19) . However, if writing 2 −2/(β+2) (β + 2) as Λ, then Eqs. (21) and (22) become
If define Λω = ω ′ , then k ′ = ω ′ √ ǫ 0 ε 1 µ 0 = Λk. So we can write Eqs. (23) and (24) as follows:
Equations (25) and (26) are exactly the same as Eqs. (18) and (19) except the frequency of the wave. Both exact solutions correctly describe cylindrical electromagnetic wave propagation in an inhomogenous and nonlinear medium. Equations (18) and (19) describe cylindrical electromagnetic wave with frequency ω while Eqs. (25) and (26) with frequency ω ′ . In what follows, we will show that SHG comes out quite naturally from the exact solution and the descriptions of SHG by the exact solution are in good agreement with the coupledwave equations. Considering α is small, then H can be approximately written as
Substitution Eq. (27) into Eq. (18) and using the approximation J 0 (xe αE/2 ) ≈ J 0 (x) − αExJ 1 (x)/2 leads:
and higher-harmonic generation (for example, 3ω) are ignored. From Eq. (28) we can find that SHG comes out quite naturally from exact solution and the inhomogeneity of the medium can influence on the efficiency of the SHG. The amplitudes of the fundamental frequency and SHG then reads
so Θ = E 2ω /E ω describes the efficiency of SHG. In what follows, we will give comparison of using coupled-wave equations and exact solution to describe SHG. Using ε(E, r) = dD/dE = ǫ 0 ε 1 r β exp(αE), we obtain:
(r) = r β and f (2) (r) = r β . Figure 5 shows the efficiencies of cylindrical SHG in an inhomogeneous and nonlinear medium based on the coupled-wave equations (we use Runge-Kutta method to solve Eq. (8) and plot |E 2ω /E ω |) and the exact solutions (we use the expression of Θ, viz. Eq. (29) which describes the efficiency of SHG, and plot |Θ|). We use ω = 6 × 10 8 MHz, χ (1) = 1, ζ = 1 and d eff = 0.1, as same as in Fig. 1 and Fig. 2. From Fig. 5 we can find that descriptions of SHG by the coupled-wave equations are in good agreement with the exact solutions. There are some peaks on the curve of using the coupled-wave equations method. In what follows, we will give an analysis on the origin of these peaks. Figure 6 shows amplitudes of fundamental frequency and cylindrical SHG in an inhomogeneous and nonlinear medium based on the coupled-wave equations and Eq. (30) which derived from the exact solutions. We can find that descriptions of both |E ω | and |E 2ω | by the coupled-wave equations are in good agreement with the exact solutions, and these peaks are completely absent. However, Figure 5 shows that when we plot |E 2ω /E ω |, these peaks occur. To further analyze the origin of these peaks, we plot amplitudes of fundamental frequency and cylindrical SHG and the efficiencies of cylindrical SHG based on the coupled-wave equations in Fig.  7 . We can find some features of these peaks. First, around a zero point of |E ω |, both |E ω | and |E 2ω | → 0. Second, these peaks appear at the fixed points. From both Fig. 5 and Fig. 7 we can find that these peaks appear at every peak of the efficiencies. Third, these peaks appear at |E ω | = 0. This fact can be found in Fig. 7 . We take Fig. 7(b) as an example. We point out the five peaks, and we can find that them indeed appear at |E ω | = 0. All these features of these peaks can be explained by Eqs. (30) which deduced from the exact solutions. First, Equations (30) shows that when |E ω | = 0 then |E 2ω | = 0. However, the efficiency |E 2ω /E ω | at these points is finite, which described by the expression of Θ, viz. Eq. (29) . Second, one can find that |Θ| reaches its maximums at the position |E ω | = 0. This result can be obtained by solving the equation dΘ/dr = 0 with Θ is given in Eq. (29) . We consider that according to the definition of SHG efficiency |E 2ω /E ω |, a zero point of |E ω | will cause significant distortions because the numerical calculation provides extreme sensitivity through a small range around the zero point. For example, around a zero point of |E ω |, both |E ω | and |E 2ω | → 0. If |E ω | is small enough that |E ω | is recorded as 0 while |E 2ω | is recorded as a nonzero number in computer, then a peak arises. So we can see that these peaks appear at every zero points of |E ω |, which also corresponding to every peak of the efficiencies.
IV. CONCLUSION
In conclusion, we have used two methods to deal with the problem of SGH of cylindrical electromagnetic wave propagating in an inhomogeneous and nonlinear medium. One method is using traditional coupled-wave equations. We have set up coupled-wave equations of cylindrical electromagnetic waves interacting with nonlinear and inhomogeneous media. Using the coupled-wave equations we have analyzed features of cylindrical SHG. The other method is using exact solutions of the Maxwell equations. We use a simple method to deduce SHG from this exact solution and found that the results are in good agreement with which are obtained by using the coupled-wave equations. 
